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ABSTRACT. Let (X, w) be an integral symplectic manifold and let (L, V) be a quantum 
line bundle, with connection, over X having lo as curvature. With this data one can define 
an induced symplectic manifold (X,CJ~) where dimX = 2 + dim X . It is then shown that 

prequantization on X becomes classical Poisson bracket on X. Wc consider the possibility 
that if X is the coadjoint orbit of a Lie group K then X is the coadjoint orbit of some larger 
Lie group G. We show that this is the case if G is a non-compact simple Lie group with a 
finite center and K is the maximal compact subgroup of G. The coadjoint orbit X arises 
(Borel-Weil) from the action of 7^ on p where g = J + p is a Cartan decomposition. Using 
the Kostant-Sekiguchi correspondence and a diffcomorphism result of M. Vergne we establish 
a symplectic isomorphism {X,UJ~) = {Z,uJz) where Z is a. non-zero minimal "nilpotent" 
coadjoint orbit of G. This is applied to show that the split forms of the 5 exceptional Lie 
groups arise syniplcctically from the symplectic induction of coadjoint orbits of certain classical 
groups. 

0. Introduction 

0.1. Let {X,uj) be a connected symplectic manifold and let Ham{X) be the Lie 
algebra of all smooth Hamiltonian vector fields on X. The space G°°{X) of all smooth 
C- valued functions on X is a Lie algebra under Poisson bracket. To any (p e C°^{X) 
there corresponds G Ham{X) and f ^ £,^p realizes C°"{X) as a Lie algebra central 
extension 

— >C — >C°°(X) — > Ham{X) — >0 (0.1) 

of Ham{X) by the constant functions. 

Prequantization, when it exists, is a specific representation of the Poisson Lie al- 
gebra C°°{X) which does not descend to Ham{X) (Heisenberg-like — it is non-trivial 
on the constant functions). A necessary and sufficient condition for prequantiza- 
tion is that the deRham class [uj] G R) lie in the image of the natural map 
{X, Z) {X, M) . In such a case we will say {X (or just X if w is understood) 
is integral. If {X lu) is integral there exists a complex line bundle L (the quantum line 
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bundle) with connection V over X such that 

u> = curv {L, V) (0.2) 

Using the connection one defines the covariant derivative .s of any smootli section 
s of L by any vector field (v.f.) on X. Furthermore the connection can (and will) 
be chosen so that there exists a Hilbert space structure in each fiber of L which is 
invariant under parallelism. By considering only the unit circles in each fiber of L one 
obtains a principal [/'(l)-bundle 

X (0-3) 

The connection defines a real f7(l)-invariant 1-form a on which on each fiber 
corresponds to d6/2'jT on U{1) and one has 

da = T*{u;) (0.4) 

Let S be the linear space of all smooth sections of L. Then prequantization is the 
Lie algebra representation tt of C°°(X) on S given by 

Tr{ip)s = {W^^+2'Kiip)s (0.5) 

Let C be the vertical vector field on (generating the [/(l)-action) such that {a, Q = 
— 1. One has a linear isomorphism 

S^S C C°°{L^), s^s 

where S = {f € C°°{L^) \ ( f = 2'jTi f} and a (associative) algebra isomorphism 

C°°{X)^C c C°°(i^), (^H^^ 

where C = {f e C°^{L^) \ ( f = 0}- 
Now let X = X M+ so that 

dim X = 2 + dim X (0.6) 

Let r G C°°(i?+) be the natural coordinate function on IR+ so that if t e K"*" then 
r{t) = t. One defines a symplectic form w~ on X by putting oj~ = d{ra) so that 

uj~ = dr ^a + ruj (0.7) 
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where we have put u = da. One notes that = C and hence {X,lo) arises from 
{X,uj~) by (Marsden-Weinstein) symplcctic reduction on the hypersurface r = 1. 
Reversing the direction we refer to the construction of {X,lu~) from {X,uj) as sym- 
plectic induction. Among the statements in the following theorem is the result that 
prequantization in X is Poisson bracket in X. In a word, quantization, at least at the 
prequantized level, is classical mechanics two dimensions higher. 

Theorem 0.1. The map 

C°°{X)^C°°{X), ip^r^ (0.8) 

is a monomorphism of Poisson Lie algebras. Moreover for any s € S and tp G C°° {X) 
one has 

7r'(^) = [r^,i] (0.9) 

See Theorem 1.6. 

0.2. If {X,uj) is the coadjoint orbit of some Lie group K, where uj is the KKS- 
symplectic form, consider the possibility that {X,oj~) is the coadjoint orbit of some 
larger Lie group G. It will be the main theorem of this paper to show that this indeed 
is true in an important specialized case and that in this case {X,uj~) is a minimal 
coadjoint orbit of G. 

Assume that K is a compact connected Lie group. If F is a finite dimensional, 
complex irreducible module for K (and hence for its complexification Kc) then by the 
Borel-Weil theorem there corresponds to V an integral coadjoint orbit ^(V") C 6* 
where k = Lie K and I* is the dual to I. In fact X = X{V) is an isomorphism to the 
unique closed i^c-orbit in the projective space Proj V and L is defined by considering 
the cone over this orbit in V. The orbit is the projective image of the afiine variety of 
extremal weight vectors in V. 

Now assume that G is a non-compact Lie group with finite center such that 
Q = LieG is simple and that X is a maximal compact subgroup of G. Then G/K 
is a non-compact symmetric space and one has a Cartan decomposition g = t + p. 
The complexification pc is a iv" (and hence Kc) module via the adjoint representation. 
There are 2 cases to be considered. We will say that q is of non-Hermitian type if G/K 
is non-hermitian and g is of hermitian type if G/K is Hermitian. Let / be an index 
parameterizing the irreducible ii'-submodules V', i G / of pc- In the non-Hermitian 
case / has 1 element (i.e. pc is irreducible ) and / has 2 elements in the Hermitian 
case. In any case let X' = X{V^), i £ I, so that X^ is an integral coadjoint orbit of 
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K. Let X = X\ i € I. In the Hermitian case X ^ -X and {X, -X} = {X'}, i G I. 

In the non-Hermitian case X = —X. 

Now the affinc variety of extremal weight vectors in is a Xc-orbit and, by 
the Kostant-Sekiguchi theorem, corresponds to a "nilpotent" G-coadjoint orbit in 
the dual space q*. \i Z = then Z ^ —Z in the Hermitian case and {Z, — Z} = 
{Z*}, i G I. In the non-Hermitian case Z = —Z and in any case if Y is any non-zero 
coadjoint G-orbit then 

dimY>dimZ (0.10) 

On the other hand C°° (Z) is a Lie algebra under Poisson bracket with respect to the 
KKS symplectic form cuz on Z and since Z is a coadjoint orbit one has a Lie algebra 
embedding 

Q^C°°{Z) (0.11) 

It follows from (0.10) and the orbit covering theorem that dimZ is the smallest pos- 
sible dimension of a symplectic manifold which has g as a subalgebra of functions 
under Poisson bracket. A theorem of Michele Vergne asserts that Kostant-Sekiguchi 
corresponding orbits in general are /T-diffeomorphic. In the present case because of 
the minimality (0.10) Vergne's diffeomorphism can be given very simply and it leads 
to a /T-diffeomorphism 

X ^ Z (0.12) 

In particular 

dimZ = 2 + dimX (0.13) 

The following is our main theorem. In effect it says that symplectically inducing the 
ii'-coadjoint orbit X "sees" the non-compact simple Lie algebra 0. 

Theorem 0.2. The map (0.12) now written 

fi:{X,uj~)^{Z,uJz) (0.14) 

is a symplectic diffeomorphism so that one has a (minimal) Lie algebra injection 

Q^C^iX) (0.15) 

Furthermore if ^ is the moment map with respect to the action of K on Z then 

IJi{Z)=M+X (0.16) 
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See Theorems 3.10, 3.13 and 3.16. 



Remark 0.3. Note that (0.15) points to an interesting difference between {X,co) 
and the induced symplectic manifold {X, co~) in that one cannot have a non-trivial Lie 
algebra homomorphism g C°°{X) since dimX = dimX —2. Indeed the statement 
above concerning Z now implies that dim X is the smallest possible dimension of a 
symplectic manifold W which admits an embedding of as a Lie algebra of functions 
on W under Poisson bracket. 

0.3. We say that q is OTOj„-split if Qc is a simple complex Lie algebra and e e Omm 
where Omin is the minimal nilpotent orbit in gc- The definition of Omi„-split depends 
only on q and is, in particular, independent of the choice of e. The following result is 
Theorem 3.17. 

Theorem 0.4. The simple Lie algebra g is Omm-spUt if and only if 

dimCentn=l (0.17) 



Remark 0.5. Another criterion for the Omj„-split condition was cited on the 
top of p. 19 in [B-K]. 

Proposition 3.19 is stated here as 

Proposition 0.6. If q is Omin-split (e.g. if g is split) then X is not only a 
K -symmetric space but in fact X is a Hermitian symmetric space. 

Assume that g is 0„ii„-split and g is of non-Hcrmitian type so that 6c is semisim- 
plc. Lot K' be a non-compact real form of Kq having K^, as a maximal compact 
subgroup so that K'/Ki, = X' is the non-compact symmetric dual to the compact 
symmetric space X. One can then show that not only is X' a complex bounded 
domain but in fact X' is a tube domain. In particular by the Kantor-Koecher-Tits 
theory X' corresponds to a formally real Jordan algebra J{X). 

If g is a split form of any one of 5 exceptional simple Lie algebras, g is non- 
Hermitian so that the statement above applies to g. But a minimal (dimensional) 
symplectic realization of g as functions on a symplectic manifold is achieved when 
the manifold is the induced symplectic X of a coadjoint orbit of a compact Lie group 
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K. The group K turns out to be classical in all 5 cases so that the exceptional Lie 

algebras g emerge symplectically from the symplectic induction of a classical coadjoint 
orbit. In §3.4 wc present a table which contains the relevant information. The cases 
of Eq, E-j and Eg, are taken from [B-K]. 

0.4. We wish to thank Ranee Brylinski for many conversations on related matters 
at an earlier time. A number of ideas in this paper evolved when [B-K] was written. 
This is particularly true of Theorem 1.7 which therefore should be considered collab- 
orative. 

1. Symplectic Induction and the construction of {X,u~) 



1.1. In this section wc recall the theory of prequantization. Sec [K-1]. Let {X^lj) 
be a connected symplectic manifold. For any (p € C°^{X) one defines a Hamiltonian 
vector field on X so that for any vector field (v.f.) r/ one has 

Poisson bracket in C°°{X) is defined by putting [ip, V] — S.f'^P for any ip,ip & C°°{X). 
If Ham{X) = I ip G C°°{X)} is the Lie algebra of all Hamiltonian vector fields on 
X then C°°{X), under Poisson bracket, is a Lie algebra central extension 

— >C — >C^(X) — >Ham{X) — >0 (1.1) 

of Ham(X), by the constant functions on X, via the map (p 

We now assume that the de Rham class [ui] G H'^(X,M.) is integral (i.e., [ui] is in 
the image of the natural map H'^{X,Z) H'^(X,M.)). Then one knows that there 
exists a complex line bundle L with connection V, over X, such that 

(J = curv {L,V) (1.2) 

Using the connection one defines the covariant derivative s of any section s of L 
(either local or global, but always assumed to be infinitely smooth) by any v.f. ^ on 
X. If L* is L minus the zero section then L* is a principal C* bundle 

C* — ,L* 
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In addition there exists a C*-invariant 1-form a on L* which, on any fiber of (1.3), 
pulls back to 2^ ^ on C* and is such that for any local section s of (1.3), and any 
v.f. ^ on X, one has 

V^s = 27ri(s*(a),Os (1.4) 
on the domain of s and on this domain 

d(s*(a))=a; (1.5) 

The connection V may be (and will bo) chosen so that there exists a Hilbert space 
structure on each (1 dimensional) fiber of L which is invariant under parallel transport. 
See Proposition 2.1.1 in [K-1]. One then defines a principal \]{\) = {e'^ \ 6 G R} 
bundle over X with bundle projection r, 

i (1-6) 



by taking the fibers of to be the unit circles in the corresponding fibers of L. The 
restriction of a to is real and on each fiber of L^, pulls back, via (1.6), to the 1-form 
j| on U{1). Henceforth we will identify a with this restriction and (1.5) implies 

da = T*{ijj) 

Obviously 

dim = 1 + dim X 

1.2. Let S be the space of all smooth global sections of L. Let 

n:C°°{X)^EndS 

be defined by putting, for any (p G C°°(X) and any s e 5, 

7r(^)(s) = (Vj^ +27ri¥')s (1.7) 

The correspondence if 7r(<^) is called prequantization and it is a result (see Theorem 
4.3.1 in [K-1]) that tt is a Lie algebra representation of C°°{X) on S. (Theorem 4.3.1 in 
[K-1] is stated for real-valued fmictions on X. It trivially extends to C°°{X) by com- 
plex linearity.) Recalling (1.1) one notes that tt does not descend to a representation 
of Ham{X). 
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Now with respect to the multiplication action of on C we may write L = 

^u(i) C so that L is associated to the principal bundle . If one wishes S may 
then be identified with the subspace S C C°°{L^) defined by putting 

S={f& C^{L') I f{qc) = f{q), Vg G L\ c G U{1)} (1.8) 

The image of s G 5 under the linear isomorphism 

S^S (1.9) 

will be denoted by s. 

A vector field on will be called vertical if it is tangent to the fibers of L^. One 
notes that there there exists a unique (real) vertical field ( on such that 

(a,C)=-l (1.10) 

With respect to an isomorphism of U{1) with a fiber of note that the restriction 
of C to that fiber corresponds to— 27r^on{7(l). Clearly the subspace S may be also 
given by 

5={/eC°°(ii) |C/ = 27ri/} (1.11) 

Now for any ip G C°°{X) let (p G C°°{L^) be given by the pullback ip = t o ip and let 
C={ip\ipe C°°(X)}. Clearly 

C={,feC°^(L^)\Cf^O} (1.12) 

A vector field on will be called horizontal if it is orthogonal to a. If ^ is any v.f. 
on X it is clear that there exists a unique horizontal vector field ^ on such that 
T*(^) — ^. Now for any (p e C°°{X) and vector field £, on X let ??(<p,{) be the v.f. on 
defined by putting 

^(v>,€)=f+^C (1-13) 

One readily establishes (see Proposition 2.9.1 in [K-1] for the case where C* is used 
instead of ?7(1)) 

Proposition 1.1. The vector field ri{ip4) on is U {I) -invariant and any U{1)- 
invariant v.f. on is uniquely of this form. 

Now consider the question as to whether or not 

%(^,0)(«)=0 (1.14) 
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where ^(??((^,{)) is Lie differentiation by //((^,$))- The following result interprets pre- 

quantization as the ordinary action on S by those vector fields on which are (1) 
J7(l)-invariant and (2) annihilate a by Lie difi'erentiation. For any (f € C°°(X) let 

V<P = V{v>,i^) (1-15) 

Except for the use of C* and L* instead of U{1) and the following result is Theorem 
4.2.1 in [K-1]. 

Theorem 1.2. Let (p G C°°{X). Then the vector field rj^ on is (1) U{1)- 
invariant and (2) annihilates a by Lie differentiation. Furthermore any v.f. on L^ 
which satisfies (1) and (2) is uniquely of this form. Moreover for any s G S one has 

7r((^)(s) = 7)^s (1.16) 



1.3. Let IR+ denote the multiplicative group of positive real numbers. Let 

X = L^ xM+ (1.17) 

so that 

dimX = dimX + 2 (1.18) 

Since we are dealing here with a direct product of manifolds, functions, forms and 
vector fields on and M+ have obvious extensions to X and we will freely use the 

same notation for the extensions. Let r G C°°(R+) be the natural coordinate fimction. 
That is, r{t) = t for any t <E Let uj~ be the real closed (in fact exact) 2-form on 
X defined by putting u>~ = d(r a) so that 

u)~ = drAa + rLij (1-19) 

where we have put w = T*{ijj). 

By decomposing a tangent vector to X as a sum of a tangent vector to M+ and 
a tangent vector to and then decomposing the latter into a sum of a horizontal 
tangent vector (i.e., orthogonal to a) and a vertical tangent vector (tangent to a fiber 
of (1.5)) it follows easily that u is non-singular so one has 

Proposition 1.3. {X,uj~) is a symplectic manifold. 
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It follows immediately from (1.10) and (1.19) that the interior product of w by C 
equals dr. Consequently one has 

Proposition 1.4. The vector field ( (see (1-10)) is Hamiltonian onX. In fact 

C = (1.20) 



Let (f G C°°{X) and s £ 5. Note then, as a consequence of (1-11) and (1.12), 
Proposition 1.14 yields the following Poisson bracket relations in C°°{X), 

[r,0\=O 

(1-21) 

[r, s] = 2 TT i s 

It is obvious from the sentence after (1.10) that the Hamiltonian flow of C is just the 
free action of U{1) on X defined by its principal bundle action on L^. As a consequence 
of (1.19) one then has 

Proposition 1.5. Marsden-Weinstein reduction of {X,uj~) by the function r at 
the value r = 1 is isomorphic to the original symplectic manifold {X,lu). 

Since {X,u}) arises from {X,u)~) by symplectic reduction we can speak of the 
above construction of {X,w~) from {X,u)) as symplectic induction. 

1.4. If 7/ is a vector field on a manifold then (,(ry) will denote the operator of 
interior product. We continue with the assumptions of §1.3. 

Proposition 1.6. Let if G C°°{X). Then 

^^=1^ (1-22) 

so that ifil}& C°°{X) then 

[^,V^] = Jm (1-23) 

Proof. Since is horizontal in clearly annihilates dr Aa. But, from 

the definition of obviously 

L{^)u = dlp (1.24) 
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Thus 



= d(p 

But this estabHshcs (1.22). The equality (1.24) is immediate from the definition of 
Poisson bracket. QED 

The main part, (1.27), of the following result says that prequantization in X is 
ordinary Poisson bracket in the induced symplectic manifold X. 

Theorem 1.7. The map 

C°°{X)^C°°{X), if ^ rip (1.25) 

is a monomorphism of Poisson Lie algebras. Moreover Vj^p (see Theorem 1.2) is a 
Hamiltonian vector field on X for any (p G C°°{X). In fact 

%=C? (1-26) 
Finally for any s € S and <p e C°°{X) one has 

7r'(^) = [r^,S] (1.27) 

Proof. Let ip,7p € C°°(X). Then, by (1.21), 

[rip,rii] = 

But then [r (p,rip] = r[ip, ip] by (1.23). This proves the first statement of the theorem. 
But now by (1.13) and (1.15) one has 

t{ri^)u)~ = + ipC){dr Aa + rw) 

= i(^)rw + i(^C)(rfr-Aa) (1.28) 
= rdip + (pdr 

by (1.24) and (1.10). But the right-hand side of the last line of (1.28) is just d{r<p>). 
This proves (1.26). But then (1.27) follows from (1.16). QED 

Remark 1.8. The construction of the induced symplectic manifold {X,uj~) 
of course depends upon the choice of the connection V. The set (with an obvious 
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equivalence relation) of all such connections is a principal homogeneous space for the 

character group tti{X) of the fundamental group tti{X) of X. See Theorem 2.5.1 
in [K-1]. In particular the connection, and hence {X,u!~), is unique if X is simply- 
connected. 

2. The coadjoint orbit case and a minimal Kostant-Sekiguchi correspondence 

2.1. We now consider the case of §1 where X is a coadjoint orbit of a connected 

Lie group K and uj is the KKS symplectic form. We do not assume now that K is 
compact but in the main application K will be compact. Let t ~ Lie K and let 6* be 
the dual space to t. Let v € t* and let X be the JsT-coadjoint orbit of v so that as 
iiT-homogenous spaces 

X = K/K, (2.1) 

where is the isotropy subgroup at u. The action of A; e ii" on e X is denoted by 
k'H and one has {k-iJb,y) = {fi, Adk~^{y)) for any y For any a; e t let be the v.f. 
on X defined so that for any / e C°°{X) and € X one has (^^ /)(m) = ^{{^xp{-tx)- 
^^)\t=o■ Then x i-^ defines the infinitesimal action of t on X corresponding to the 
group action of if on X. The KKS symplectic form w on X is such that for x, j/ € 6 
and fi G X then 

^r,e)(M) = (M,[y,^]> (2.2) 

The map 

e^C°°(X), x^<fi^ (2.3) 

is a homomorphism of Lie algebras (using Poisson bracket in C°° (X)) where, for x 
the function (fi^ on X is defined by 

<fi-{t,) = {fi,x) (2.4) 

for any jj. Furthermore is a Hamiltonian vector field on X, for any x G 6, and, 
in fact (see (5.3.5) in [K-1]), 

r = (2.5) 

Now iR = LieU{l) and 

2nii/:t^^iR (2.6) 

is a homomorphism of Lie algebras where = LieK^. Note that K,, may not be 
connected. By Corollary 1 to Theorem 5.7.1 in [K-1] one has [u] € H'^{X,M.) is integral 
if there exists a character 

X-.K,^ U{1) (2.7) 
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whose different al is given by 



(2.8) 



Remark 2.1. In Corollary 1 to Theorem 5.7.1 in [K-1] it is assumed that K is 
simply-connected. In such a case the statement of the corollary is that [w] G H^{X, M) 
is integral if and only if there exists x satisfying (2.7) and (2.8). The reference to the 

corollary is valid in the general case under consideration here since (2.7) and (2.8) 
for K obviously imply these conditions for the simply-connected covering group of 
K. Furthermore, by the corollary, the choice of x determines and the connection 
1-form a in L^. See (2.9) below. 

Henceforth we assume (2.7) and (2.8) so that the assumptions of §1 are satisfied. 
Noting that if is a principal ify-bundle over X one constructs as the associated 
bundle given by 

L^^Kxk^U{1) (2.9) 

where the action of K,^ on U{1) is given by the homomorphism x- See §5.7 in [K-1] 
where we have replaced C* by U{1). 

By (2.9) the space is clearly homogeneous for the product group K x U{1) 
(using left translation for K). In fact as homogeneous spaces one has an isomorphism 

{K xU{l))/H ^ 

where H = {{k,x{k)~^) \ k G K^}. In particular this gives rise to a K x U{1)- 
surjection a : K x U{1) L^. The connection 1-form a on V- may then be given by 
the equation 

C7*(a) = (a.,|^) (2.10) 

where is the left invariant 1-form on K whose value at the identity is v. See (5.7.3) 
and (5.7.4) in [K-1]. 

2.2. We are assuming that X is a coadjoint orbit of a connected Lie group K so 
that one has a Lie algebra homomorphism (2.3). We are assuming (2.7) and (2.8) so 
that the induced symplectic manifold {X, u)~) exists. We now consider the possibility 
that {X,uj~) may be the coadjoint orbit of some larger Lie group G. In such a case 
one would have a Lie algebra homomorphism 

0^C°°(X) (2.11) 
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where q = Lie G. 

Assume now that K \s & compact connected Lie group. Let Kc be a complex 
reductive Lie group having as a maximal compact subgroup so that we can take 
ic = Lie Kc where tc is the complexification of t. Let be a non-singular symmetric 
ii'c-invariant bilinear form on fic which is negative definite on 6. We may regard the 
complexification of I* as the dual to 6c- The bilinear form Bi defines a i^c-linear 
isomorphism 

7 : ^ tc (2.12) 

Obviously 7(6*) = t. It follows then that is just the stabilizer of ^{v) in K under 
the adjoint representation so that is connected and, as one knows, X is simply- 
connected. In addition one knows that K^, contains a maximal torus T of K. One 
has 

^{v) e t (2.13) 

where t = LieT since 7(1/) is obviously central in 1^. 

Let \) = it The complexification f)c = tc is a Cartan subalgebra of 6c and, 
identifying the real dual 1)* of f) with one has Act}* where A is the T-weight 

lattice. But since 2 7ri exponentiates to a character of T, by (2.7), one has that 
A e A, by (2.13), where 

A = 27rz u (2.14) 

Let tta : Kc — > Ant Vx be the irreducible representation of Kc with extremal f)c- 
weight A (i.e., any f)c-wcight of ttx lies in the convex hull of the Weyl group orbit of 
A). Obviously the complexification (6,^)c is the centralizer of 7(A) in 6c. Furthermore 
7(A) e f) and hence 7(A) is a hyperbolic element of 6c. 

Remark 2.2. To any hyperbolic element y of a complex reductive Lie algebra 
s one associates a parabolic Lie subalgebra qy{s) of s characterized as follows: the 
centralizer of y in s is a Levi factor of qy{s) and the nilradical of qy{s) is the span 
of the eigenvectors of ady belonging to positive eigenvalues. 

In the notation of Remark 2.2 put = q-y(A)(tc) and let Qi, C Kc be the 
parabolic subgroup corresponding to q,^. One readily has 

K.^KnQ, (2.15) 

so that, since X = K/K„ as iiT-homogeneous spaces the action of K on Kc/Qv induces 
a i^-isomorphism 

X KclQu (2.16) 
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A non-zero vector in a finite dimensional complex irreducible K (and hence Kc)- 
module is called an extremal weight vector if it is a weight vector for an extremal 
weight of some Cartan subalgcbra of tc- The Cartan subalgcbra can always be chosen 
so that it is the complexiiication of a Cartan subalgcbra of K. One knows that the set 
of all extremal weight vectors is of the form Kc C* v and in fact is of the form KC* v 
where v is an extremal weight vector. 

Let E (Z V\he the variety of extremal weight vectors in V\ . Thus if 7^ is a 
weight vector for the \)c extremal weight A then E = Trx{Kc) C* v\. Let Proj{Vx) be 
the projective space of Vx and let Proj{E) be the subvariety of Proj{Vx) defined by 
E. One knows that Proj{E) is the unique closed Kc orbit in ProjiVx)- Furthermore 
if p\ G Proj{E) is the point corresponding to C* v\ then Qi, is the isotropy group at 
p\ and hence (Borel-Weil theory) the isomorphism (2.16) defines a ii'-isomorphism 

X Proj{E) (2.17) 

Let be a Hilbert space structure Tix in V\ which is invariant under the 

action of itx{K) and let E^ — {v € Vx \ {v,v} = 1}. We may choose vx so that 
v\ € E^. Now if X is defined (uniquely since is connected) as in (2.7) and (2.8) so 
is given by (2.9) let 

(l):L^^E^ (2.18) 

be the K x J7(l)-map given by 

4>{k,c)r=cTTx{k){vx) (2.19) 
where {k, c) € K x U{1). Furthermore if i e M+ let 

^:X^E (2.20) 

be the K x U{1) x 1R+ map given by 

^{q,t)=t<P{q) (2.21) 
where {q,t) £ x M+. The following is an immediate consequence of (2.17). 

Proposition 2.3. The maps <p and (j) (see (2.18) and (2.20)) are, respectively, 
K X U{1) and K xU{l) xB+ isomorphisms. 

Remark 2.4. Note that if z/ ^ then Kc operates transitively on E. This 
is clear since if {Ku)c is the subgroup of Kc corresponding to {ti/)c then obviously 
{Kv)c operates transitively on C* v\. 
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2.3. We now assume that is a real simple Lie algebra of non-compact type and 

G is a corresponding Lie group with finite center. We now choose K and 6 of §2.2 so 
that X is a maximal compact subgroup of G. Consequently there is a space p C fl 
of hyperbolic elements such that 

= « + p (2.22) 

is a Cartan decomposition of g. Let a C p be a maximum abelian subalgebra. Let 
A c 0* be the set of restricted roots and for each /3 c A let C g be the cor- 
responding restricted root space. Let A_|_ c A be a choice of a positive root system 
and let n = J2/3eA+ ^^^^ 

g = t + a + n (2.23) 

is an Iwasawa decomposition of q. Let n_ = X^^£a+ 0-/3 ^^'^ ^ ^e the centralizer 
of in t so that one has the direct sum 

= m + a + n + n_ (2.24) 

If /3, £ A wc will put /3>(/)if/? — (iisa sum of elements in A+. Obviously P > 4> 
and (/) > /3 if and only if /3 = 0. Let ?/; G A+ be a maximal clement with respect to 
this ordering. Obviously C Cent n. But since Cent n is clearly stable under the 
action of ada it follows that Centn is spanned by q'^ = QpCi Centn, over all /3 G A+. 

Proposition 2.5. The restricted root is the unique maximal element in A_|_ 

and 

Cent n = fli/, 

so that, in particular, Centn is a restricted root space. 

Proof. Assume q'^ ^ ^ for some /3 e A+. Since m normalizes n and com- 
mutes with a it follows that is stable under the adjoint action of m -|- o -|- n. 
Thus, corresponding to the adjoint action, for the real enveloping algebras one has 

t/R(n_)0^ = C/r(0)0^ by (2.24), and the PBW theorem. But by simplicity one has 
Us.{q) q'p = fl. Thus /3 > V'- But similarly V' > /3- Hence il) = (3. QED 

Let Wa be the restricted Weyl group operating in o and let G Wa be the 
reflection defined by ij}. Thus is the identity on the hyperplane = {a; G x I 
il){x) = 0}. Let a;^ be the unique element in o such that s^ a;^ = — a;^ and 

^{x^) = 2 (2.25) 
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The Killing form on the complexification qc of g is real on g and positive definite 
on p. Let B be the positive multiple {x,y) of the Killing form normalized by the 
condition that 

{x^,x^)=2 (2.26) 

Let Bi of §2.2 be defined so that B^ = B\t. Let be the complex Cartan involution on 
0c corresponding to the complexified Cartan decomposition 0c = ?c + Pc- Let a and 
(7„ be, respectively, the conjugate linear involutions of 0c defined by the real forms 
and 0„ = k + ip. One notes that 0„ is a compact form of 0c so that B is negative 
definite on 0„. Consequently H is an Arf0„-invariant Hilbert space structure {x,y} 
on 0c where 

{x,y} = -{x,auy) (2.27) 

It is immediate that a commutes with 6 and that au = Oa . In particular the restriction 
of H\g defines a ii'-invariant real Hilbert space structure on and that for x,y G g, 



{x,y} = -{x,ey) (2.28) 
Since 9 is minus the identity on o one immdiately has 



0{9i,) = 0-4, 
Let e e 0^ be such that {e, e} = 1. That is, 



(2.29) 



{e,ee) = -l (2.30) 

by (2.28). 

Proposition 2.6. {x^,e,—6e) is an S-triple. 

Proof. One has [x.ip,e] = 2e by (2.25). But -9e G 0^^ by (2.29) so that 
[x^,-0e] = ~2{-0e). Let y = [e,-0e]. Then [y,a] = by (2.29). On the other 
hand clearly 0{y) = —y so that y & p. Since o is maximally commutative in p this 
implies that y G a. But if a; e a then 

{x, [6,-6*6]) = ([a;,e],-6'6) 

= xp{x){e, -0 e) (2.31) 
= xp{x) 
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by (2.30). This implies that y is i3-orthogonal to so that y = r for some r € M. 
But putting X = in (2.31) one has {x^,y) = 2 by (2.25). However {x^,x^) = 2 by 
(2.26). Thus r = 1 so that [e, -0e\ = x^. QED 

Let be the complex TDS spanned by x^, e, and —6e over C. 

2.4. Let the notation be as in §2.3. Let d = dim Cent n so that 

d = dimQ.^ (2.32) 

by Proposition 2.5. 

Proposition 2.7. The maximal eigenvalue of adx.,/, on qc is 2 and (0v)c is the 

corresponding eigenspace. In particular the multiplicity of the eigenvalue 2 of ad x^ 
is d. Furthermore if f3 € A — {ip} then (3{x^) G {0, 1} so that the spectrum of adx 
in nc is non-negative and in fact the spectrum is contained in the set {0, 1,2}. The 
spectrum of adx on 0c is contained in the set {2, 1,0, —1, —2}. 

Proof. From the representation theory of a TDS (e.g. u^) one has /3(.t, ) G Z 
for any (3 S A+. On the other hand if /3 e A+ then since (3 + ip cannot be a restricted 
root one has [e,g^] = 0. Thus from the representation theory of one has 

P{x^) G Z+ (2.33) 

But now ip{x^) = 2 by (2.25) so that (0^)c is contained in the eigenspace of adx^ for 
the eigenvalue 2. But now using notation and the argument in the proof of Proposition 
2.4 one has 

flc = (C/M(n_)fl^)c (2.34) 

so that 2 is the maximal eigenvalue of adx^ by (2.33). On the other hand if /3 G A+ 
and [0-/3,0^] 7^ we assert that P{x^) > 0. Note that the assertion implies all the 
statements of the proposition, by (2.33) and (2.34). Assume the assertion is false 
so that (3{x^) — 0. But then P and hence tp — P £ A. But then P — tp G A 
and (/3 — tp){x-^) = —2. From the representation theory of a TDS one has that 
[e, [e, fl/3-V']] 7^ 0. But this implies that P + tp G A contradicting the maximality of ip. 
QED 

Let ei, i = 1,. . . ,d, be an orthonormal basis of with respect to Hlg^. We 
assume that the basis is chosen so that ea = e. Under the adjoint action of the 
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element clearly generates a 3-dimensional irreducible representation Uj of since 
[e, e,] = 0. Of course 

Ud = (2.35) 



Remark 2.8. Note that, as a consequence of Proposition 2.7, if 

d 

u = ^Uj (2.36) 

i=l 

then u is the primary component in gc for the 3-dimensional irreducible representa- 
tion of u,p under the adjoint action and that any irreducible component in flc/u has 
dimension 1 or 2. 

The following lemma is well known and is readily established using the commu- 
tation relations of an S-triple. 

Lemma 2.9. Assume that i) is a complex TDS and {x', e', /') is an S-triple whose 
elements span D. Then {h,v,iu) is an S-triple also spanning where 

h = i{e' - /') 

V ^ l/2{ix' + e' + f) (2.37) 
w = l/2{-ix' + e' + f) 

Furthermore one recovers {x',e',f') from {h,v,w) by 

x' = —i{v — w) 

e' = l/2{-ih-\-v + w) (2.38) 
/' = l/2{ih-\-v-\-w) 

We apply Lemma 2.9 for the case where = and {x',e',f') = {x^,e,—6e). 

Let 

h = i{e + 6e) 

V = l/2{ix^ + e-9e) (2.39) 

w = l/2(-ix^, + e-0e) 

so that (h, V, w) is an S-triplc whose elements span u^;. 

Obviously there exists an automorphism of which carries {x^,e, —0 e) to 
{h,v,w). Since any automorphism of a complex TDS is inner it follows that x^ and 
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h are conjugate in 0c by an element in Ad(0^)c. In particular then, by Proposition 
2.7, the multiplicity of the eigenvalue 2 of ad h in gc is d. 



Lemma 2.10. One has /i G 6c so that we may write 

d = dt+dp (2.40) 

where dk is the multiplicity of the eigenvalue 2 ofadh\tc and dp is the multiplicity of 
the eigenvalue 2 of adh\pc- One has dp > 1. In fact v,w £ pc and [h,v] =2v. 

Proof. Obviously 6 h = h hy (2.39) so that h e 6c- Similarly, v,w £ pc since 
6v = — u and 6w = —w by (2.39), noting that a;^ G o C pc- One has [h,v] = 2v 
since {h, v, w) is an S-triple. QED 

We can strengthen Lemma 2.10. 

Theorem 2.11. Let the notation be as in Lemma 2.10. Then df = 1 and dp = 
1. That is, the one dimensional subspace Cv is the eigenspace of adh\pc corresponding 
to the eigenvalue 2. Also 2 is the highest eigenvalue ofadh\pc- 

Proof. The 3 dimensional u^)-modules Ui (see (2.36)) are of course equivalent 
to the adjoint representation of u^. For j = 1, . . . let Sj : Uj be the u^- 

equivalence normalized so that Sje — Cj. Note that Sd is the identity map. Let 
Vj = djV. It is then immediate from Proposition 2.7 that {vj} j = 1, . . . , d, is a basis 
of the adh eigenspace in 0c for the eigenvalue 2. To prove the first statement of the 
theorem it suffices, by Lemma 2.10, to show that 

e tc for i = J, . • • , - 1 (2.41) 

But now by the S-triple commutation relations ix^ = i[6e,e], —6e — '-l/2[6 e,x^] 
and e = — l/2[e,a;^]. Thus if Xj,fj G u^- are defined by Xj = [Oe,ej] and fj = 
— l/2[9e,Xj] one has 

Vj = 1/2 {ixj + ej + fj) (2.42) 

by (2.39). On the other hand 

[e,Xj] = [e, [de,ej]] 

= [[e,9e],ej] (since [e,ej] = 0) 
= — [a^j/j, Cj] 
= -2ej 
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(2.43) 



Let j £ {1, . . . ,d — 1}. To establish (2.41) we will first prove that Xj G 6c- In fact we 
will prove that 

Xj G m (2.44) 

Since 9\ais minus the identity one has 9 e lE fl-i/i. But then Xj clearly commutes with a. 
But the centralizer of a in g is m + a. To prove (2.44) it obviously suffices to prove that 
Xj is B-orthogonal to a. But {ej,e} = {cj, e^} = 0. Thus —{cj, Ou e) = —{ej,6e) = 0. 
But then if y & a one has {y,Xj) = {y, [Oe,ej]) = {[ej,y\,9 e). But {ej,y\ = —tp{y)ej. 
Thus {y, Xj) = establishing (2.44). To prove (2.41) it now suffices, by (2.42), to prove 
that 9 fj = Cj. But 9 fj ~ —1/2 [e,Xj] since 6 Xj = Xj by (2.44). But then 9 fj = Cj 
by (2.43). This proves (2.41). Since h and are conjugate the final statement of 
Theorem 2.11 follows from Proposition 2.7. QED 

2.5. We retain the notation of §2.4 and we will the apply the results of §2.4 to 
the symplectic considerations of §2.2. 

Proposition 2.12. One has 

{v,w) = l (2.45) 

Furthermore w = —<JuV so that 

{v,v} = l (2.46) 



Proof. Since h and x^ are conjugate one has 

(/i, h) = 2 (2.47) 

by (2.26). But since {h,v,w) is an S-triple one has {v,w) = l/2{[h,v],'w). But 
{[h,v],w) = {h,[v,w]) = {h,h). Thus (2.47) implies (2.45). But now v l/2{ix^ + 
e — 9 e) and w = l/2{~ix^ + e — 9 e) by (2.39). Recall ct„ = 9 a. But clearly 
a V = l/2(^ix^ + e — 9 e) and hence 9 a v ~ l/2[ix^ — e + 9 e). Hence — cr„ v = w. 
But then (2.46) follows from (2.45) and (2.27). QED 

Of course /i is a hyperbolic element in fic and qh{^c) is the parabolic subalgebra 
of tc defined by h. See Remark 2.2. 

Theorem 2.13. Under the adjoint action of tc on pc the one dimensional sub- 
space Cv is stable under q/((6c)- In fact for any x G (\h{^c) one has 

[x,v] = {h,x)v (2.48) 
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Proof. If X is contained in the nilradical of q?i(tc) then [x,v\ = by the last 

hne in Theorem 2.11. On the other hand if x G (6c)'' (a Levi factor of c\h{^c)) then 
Cf is stable under adx by the multiplicity one statement in Theorem 2.11 of the 
eigenvalue 2 oi adh in pc- This proves the first statement of Theorem 2.13. For 
X € q?t(6c) let / be the linear functional on c[h{^c) defined so that [x,v] = f{x)v. 
But then f{x) = ([a;,t;],w) by (2.45). However {[x,v],'w) = {x,[v,w]) = {x,h). Thus 
f{x) = {h,x). QED 

Let z = —ih so that z G t and z — e + 9e hy (2.39). Let T C K he a. maximal 
torus such that z G i. Then h € I) where, as in §2.2, \) = it Let 7 : tj. — > 6c be as in 
(2.12) and let X Gl)* (recalling the identification f)* = 7~^(^)) be such that 

7(A) = h (2.49) 

Recall that A c f)* is the T-weight lattice. Note that ()c C (6c)'' so that f)c C q;i(6c) 
As an immediate consequence of Theorem 2.13 one has 

Proposition 2.14. One has A G A. Furthermore the Kc-module V generated by 

V with respect to the adjoint action of Kc on pc is irreducible and is equivalent to Vx 
with V corresponding to vx. 

Henceforth we will identify V with Va and v with vx- One has 'jTx{k)y = Adk{y) 

where y ^ V and k G Kc- 

Let ly = X/2TTi so that ly G t* . Let, as in §2.2, X be the X-coadjoint orbit of ly 
so that {X, w) is a symplectic if- homogeneous space where co is the KKS symplectic 
form. One readily notes that 

LieK^ = tn{tcf (2.50) 

so that 6 n (6c)'' is a compact form of the Levi factor (6c)'' of q;i(6c) where K^, is the 
isotropy group at p. Furthermore one knows (as a general fact about coadjoint orbits 
of compact connected Lie groups) that K^, is connected so that (2.7) and (2.8) are 
satisfied where x is the character on Ki, defined by the action of Ki, on Cvx- Thus, 
as in §2.2, we can construct the induced symplectic manifold {X,u)~). 

As in §2.2 let E c Vx be the variety of extremal weight vectors so that E = 
T^xiKc) C* Vx- Let Tix be the if-invariant Hilbert space structure in Va given the 
restriction H\Vx- As in §2.2, iJ^ is the space of vectors in E having length 1 with 
respect to Tlx- Note that 

vx G E^ (2.51) 



22 



by (2.46). We recall that Proposition 2.3 sets up a ii' x U{1) isomorphism 

^ E'^ (2.52) 



and a, K X U{1) X M"*" isomorphism 



(2.53) 



Let Ky be the isotropy group at v = v\ for the action of K on E^ and let Ke be the 
isotropy group at e G £| for the adjoint action of K on q. 

Theorem 2.15. The following 3 subgroups of K are equal. 



Proof. Let K' be the subgroup of K defined by (3). Since v,e G one 
obviously has K' c and K' c K^. But clearly Adk commutes with 6 for any 
k G K. Thus 6{e) is fixed by Adk for any k G Ke- But then all 3 elements of the 
S-triple in Proposition 2.6 are fixed by Adk. Hence Kg = K' by the definition of 
(see §2.3). But (t„ also commutes with the adjoint action of K since 6 C flu. But 
w = — cr„ V by Proposition 2.12. Thus w is fixed by Adk for any k G Ky. Hence any 
such k fixes the three elements of the S-triple {h,v,w). But these elements also span 
. Thus K' = Ky. QED 

Let O be the AdG orbit of e in g and let = {f € O \ {/, /} = 1}. Note that 
e e by the choice of e in §2.3. Since K operates unitarily with respect to Ti the 
adjoint action of k stabilizes E^ and O^. As a corollary of Theorem 2.15 one has 

Theorem 2.16. The compact group K operates transitively on E^ and on . 
Furthermore these spaces are isomorphic as K-homogeneous spaces. In fact b is such 
an isomorphism where for any k € K, 



(1) Ky 

(3) The centralizer of the TDS Ux in K 



b{Adk{vx)) = Adk{e) 



(2.54) 



Proof. Recall z = e + de = —ih G 6. But if s G M one then has 



TTx{exp s z)vx = e 



-2 si 



(2.55) 
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by (2.47) and (2.48). In particular k h^- (f){k,l) in (2.19) surjects k onto by 

Proposition 2.3. Consequently K operates transitively on E^. On the other hand if A 
and N are the subgroups of G which correspond, respectively, to a and n then one has 
the group Iwasawa decomposition G = KAN. But e is fixed under the adjoint action 
of N since e G Centn (see Proposition 2.5). On the other hand AdA{e) = M+e. 
Thus 

= AdKm.+ e (2.56) 

However clearly R+ eCiO^ = {e}. Hence K operates transitively on O^. The theorem 
then follows from the equality of (1) and (2) in Theorem 2.15. QED 

The variety E is Kc homogeneous by Remark 2.4. The Kc orbit in pc cor- 
responds to the G-orbit O in g by the Kostant-Sekiguchi correspondence (a corre- 
spondence of Kc nilpotent orbits in pc and G nilpotent orbits in g. See [S]). Michele 
Vergne has proved the corresponding orbits are iv'-diffeomorphisms (see [V]). The 
proof is highly non-trivial. However, by Theorem 2.16, in the special case of E and O 
the diffeomorphism is transparent. Obviously by (2.21) and (2.56) one has K x M+- 
diffeomorphisms 

E^ xR+ ^ E (/, t) ^ tf 

(2.57) 

O^xR+^O {u,t)^tu 

We may therefore extend the domain of definition of b so that, using the notation of 
(2.57), one has a K x M+-difl:eomorphism 

b:E^O, where b{tf) = tb (/) (2.58) 

3. The symplectic isomorphism {X,u)~) = {Z,wz) 

3.1. We continue with the notation of §2. Recalling (2.12) one notes that since 
Bi = B\lc and, since tc and pc are B-orthogonal, the isomorphism to gc defined 
by B is an extension of (2.12). The extension will also be denoted 7. Let £ G g* be 
defined so that 

7(e) = e/TT (3.1) 

Let Z d Q* he the G-coadjoint orbit of e and let loz be the KKS-symplectic form 
on Z. To avoid confusion with the vector field on X (see §2.1) defined by any 
a; G t, with respect to the coadjoint action of K on X, we will denote by the vector 
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field on Z defined by any y G with respect to tlie coadjoint action of G on Z. The 
analogue of (2.2) is the formula 

a;x(S^S^)(p) = (p,[y,a;]) (3.2) 

for any p G Z. In particular if p = s one has 

a;z(S^Sf)(£) = (l/7r)(e,[y,a;]) (3.3) 

Recall that ui is the KKS form on the ii'-coadjoint orbit X of v = \/2-Ki. 

Lemma 3.1. Let x,y £ t. Then 

a;z(S^S'')(£)=a;(r,e)(^) (3-4) 

Proof. [y,x] is fixed by 6 since [y,x] € 6. Thus {l/w) {e,[y,x]) = ((e + 
e e)/2 TT, [y,x]). Bute + ee= {l/i)h by (2.39) and 7(A) = h. But then 

7(zy) = (e + 6»e)/2 7r (3.5) 

Thus (I/tt) (e, [y,x]) = {v, [y,x\). But then (3.4) follows from (2.2) and (3.3). QED 

Now recalling (2.9) the circle bundle is given by = x^^ U{1) where the 
action of on U{1) is given by the character (recall is connected) 

X(ea;pa;) = e^(^) 

for any x&K (see (2.48)). Now by (1.17) one has X = x R+ so that 

X = Ky.K^ U{1) X M+ (3.7) 

Let o & X he the point whose components are the identity in K, 1 in U{1) and 1 in 
R+ with respect to (3.7). Extend the domain of the bundle projection r (see (1.6)) to 
X so that T{q,t) = T{q) for {q,t) e x M+. One notes that 

r(o) = u (3.8) 



Proposition 3.2. There exists a K x ]R+ diffeomorphism 

p-.x^z 
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(3.9) 



where 



P{tk-o) =t{Coad k{e)) 



(3.10) 



Proof. Put fi = {l/n)j ^ o b o (p. The result then follows from Proposition 2.3, 
Theorem 2.16, (2.58) and the invariance of i3. QED 

3.2. Our main objective will be to prove that /? : {X,u)~) —> {Z,oJz) is an 
isomorphism of symplectic manifolds. 

Let /3* : T{X) T{Z) be the diffeomorphism of tangent bundles defined by the 
differential of /3. Let Po be the restriction of /3* to the tangent space Tg{X) so that 

(3o : To{X) ^ Te(Z) (3.11) 

is a linear isomorphism. For any a; e 6 let rj^ be the vector field on X defined by the 
action of K on X. Since /? is a i^-map one has 

/3*(r?^)=S- (3.12) 

One can be very explicit about r]^. 

Proposition 3.3. Let x G t. Then using the notation of (1-13) and (2.4) one 

has 

7y^=^ + ^( (3.13) 



Proof. As a vector field on (and hence on X) rj^ is characterized by the 
property that (1) it commutes with the C/(l)-action, (2) it annihilates a by Lie differ- 
entiation and (3) 

T*m = e (3.14) 

The result then follows from (1.13), (2.5) and Theorem 1.2. QED 

Let 6^ be the B-orthocomplement of 6y in 6 so that the map 

^ T,(X) (3.15) 

given by x is a linear isomorphism. Let Ro be the space of horizontal tangent 

vectors (i.e., orthogonal to a) to at a so that Rq has codimension 1 in To(L^) and 
codimension 2 in To{X). 
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Lemma 3.4. One has {r]^)o € Ro for any a; e 6^ and the map 

^Ro, {r]^)o (3.16) 

is a linear isomorphism. 

Proof. Let xGk^. Then <p''{i') = by (2.4) since 7(1/) e K- Thus 

(ry-)„ = e (3.17) 

by (3.13). This proves that (r?^)o € Ro- But since : Rg ^ "^vi^) is clearly an 
isomorphism the remaining statements of the proposition follow from (3.14) and the 
isomorphism (3.15). QED 

Let Re = (3o{Ro) so that (3.11) restricts to the linear isomorphism (3o Ro ^ Re- 
Let Wo be the symplectic bilinear form on To{X) induced by the retriction of u)~ to 
To{X) and let be the symplectic bilinear form on Te{Z) induced by the retriction 
of LOz to Te{Z). We wish to prove that 

l3o ■- iTo{X),oJo) ^ {Te{Z),uj,) (3.18) 

is an isomorphism of symplectic vector spaces. We first establish 

Lemma 3.5. The restrictions Uo\Ro and u)e\Re are non-singular and 

Po-{Ro,U}o\Ro)^{Re,OJe\Re) (3.19) 

^5 an isomorphism of symplectic vector subspaces- 

Proof. Recalling the definition of lo~ (see (1.19)) it is clear that if x,y £ 6^ then 
a;~(r?^r/^)(o) = w(e,f^)(o) by (3.17). But then w~(r/^^?^')(o) = w{^'',^y){u)- Thus 
cOo\Ro is non-singular by the linear isomorphism (3.15). But then u)s\Re is non-singular 
and (3.19) is an isomorphism of symplectic vector subspaces by (3.4) and (3.12). QED 

Now let Rg be the 2-dimensional ortho complement of Ro in To{X) with respect 
to (Jo- It is clear from (1.19) and §1.2 that R^ is spanned by Co and {d/dr)o- It will be 
convenient for us to modify this basis of Rj^- Recall that ^; e 6 is given by 2; = e + ^ e. 

Lemma 3.6. One has 

W)o = -Co/tt (3.20) 
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so that (?7^)o and {—2rd/dr)o are a basis of R^. Furthermore 

C0o{{-2rd/dr)o,{v%) = "2^ 



(3.21) 



Proof. By (2.49) one has 

7(z/) = 0/27r (3.22) 

so that z e Thus (^^)j. = 0. Hence {t]^)o = {^^Oo by (3.13). But ^(o) = ip^i^) 
and (f^iv) = (7(2^), z) by (2.4). Hence (p^{o) = l/2n {z, z) by (3.22). But since z = -ih 
one has {z, z) = -2 by (2.47). This proves (3.20). But now by (1.19), since r(o) = 1, 

L0o{{-2rd/dr)o,{r]')o) = {dr A a){-2r d/dr,r]'){o) 
= -2/n 

by (3.20) and (1.10). This proves (3.21). QED 

Let K be the Euler vector field on Z. Thus if / G C°°{Z) and jj, € Z then 
{Kf){n) = d/dtf{ti + tn)\t=o- Clearly 

/3*(r d/dr) = k (3.23) 

Lemma 3.7. One has 

Po{{-2rd/dr)o) = {E''^)e (3.24) 

(see Proposition 2.6). 

Proof. One has [x^, e] = 2 e by Proposition 2.6. But then 

coadx^{e) = 2e (3.25) 

since irj is an equivalence of g-modulcs (sec (3.1)). But then (S^''')^ = —2Kg. (See 
the beginning of §2.1 to explain the minus sign.) But then (3.24) follows from (3.23). 
QED 

Lemma 3.8. One has 

a;e((S-^)„(S^)e) = -2/7r (3.26) 
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Proof. 

a;e((S-^)e,(S^)e)=a;z(S-*,S^)(£) 
= {e, [z,x^\) 

= (I/tt) {[e,e + 6e],x^) 

= —(I/tt) (a;^, x,/,) by Proposition 2.6 

= -2/7r by (2.26) 

QED 

We can now prove 
Theorem 3.9. The map 

: {To{X),oJo) - {Te{Z),oj,) (3.27) 
is an isomorphism of symplectic vector spaces. 

Proof. Let be the 2 dimensional orthocomplement of in T^{Z) with 
respect to Wg. We assert (Assertion A) that (S^)^ and {^^'^)e is a basis of R^. We 
first show that (S^)^ e i?^. To do this it suffices to show that 

u;^(S^S-)(e) = (3.28) 

for all X 6 6 since Re is spanned by (S^)^ for a; € 4^, by Lemma 3.4 and Lemma 3.5. 
But if X G e then 

a;z(S^S-)(£) = l^(e,[x,z]) 

= (l/2 7r)((e + 0e), [x,z\) since [x,z\ S 6 
= (l/2^)([z,z],x) 
= 

Thus (S^)^ e i?^. 

Let 1/ e fi^!". Then 

u;^(S-^S^)(e) = (l/7r)(e,[y,x^]) 

= (lA)([a;v>e],y) 

= (2/7r)(e,2/) by Proposition 2.6 
= (l/7r)(e + 9e,y) since y € 6 
= since -2 € and y € 
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But then (S^''')^ e by Lemma 3.4 and Lemma 3.5. This proves Assertion A since 
the left side of (3.26) is non-zero. But now we assert (Assertion B) (3o{Ro) C 
and 



is an isomorphism of symploctic subspaccs. Indeed /3o((??^)o) = (S^)^ by (3.12) and 
l3o{{-2rd/dr)o) = (S^*)e by (3.24). But then Assertion B follows from Assertion A 
together with Lemma 3.6 and the fact that —2/-K occurs on the right side of (3.21) 
and on the right side of (3.26). But then the theorem follows from the symplectic 
isomorphism (3.29) together with the symplectic isomorphism (3.19). QED 

The following is our main result. 

Theorem 3.10. Let G he a connected non-compact Lie group with finite center 
such that Lie g is simple. Let K he a maximal compact subgroup and let X be the 
coadjoint orbit of K defined as in §i?.5. Let {X, uj~) he the symplectic manifold obtained 
from X by symplectic induction so that dimX = dimX + 2. See §i.5. Let {Z,uiz) he 
the coadjoint orbit of G, together with its KKS symplectic form, defined as in ^3.1, 
and let 



he the K-diffeomorphism (special case of M. Vergne's theorem) defined as in ^3.1 using 
the Kostant-Sekiguchi correspondence. Then (3.30) is an isomorphism of symplectic 
manifolds. 

Proof. Note that (see (2.9)) is if-homogeneous since (2.7) is surjective (f 7^ 
since G is non-compact). Thus X is K x E+ homogeneous by (1.17). For any (fc, s) € 
K X IR+ let s be the diffcomorphism of X defined by the action of (fc, s) on X. 
Thus if q E X then £k,s{<l) = s{k ■ q). Let mfe s be the diffcomorphism of Z defined so 
that a jjL € Z then mk^siti) = s {Coadk{ii)). It follows from (2.56) that O is if x M+ 
homogeneous. Consequently Z is K x R+ homogeneous since (see (3.1)) : Z ^ O 
obviously commutes with the action of K x Prom the definition of (3 (see (3.10)) 
it is immediate that one has the commutative diagram equality of maps 



(3.29) 



f3:{X,w~)^{Z,u>z) 



(3.30) 



(3.31) 



Let q € X and put p = £k,s 9- 



We assert that the puUback 



(4,s)*((w^)p) = s(w~). 



(3.32) 
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But recalling (1.19) it is obvious that a and u) are invariant under ^k,s■ On the other 
hand clearly {lk.s)*r = sr and hence {ik.s)*dr = sdr. This proves (3.32). 
Now let ^ £ Z and let p = mk,s (a*) . We assert that 

imk,s)*iioJz)p) = s{uJz)^. (3.33) 

Since luz is obviously /iT-invariant it suffices to prove (3.33) under the assumption that 
k is the identity of K. Making that assumption one has p = s ji. But also S^, for any 
y € g, is invariant under mk,s- Thus for any y € g one has 

{mk,s).mn,) = i^ns, (3.34) 
But then for any x,y £ Q one has 

(mfc,,)*((a;z)«;,)((S-)^,(S«)^) = (a;z),^((S-),^, (S^),^) 

= {sn, [y,x]) 

But this proves (3.33). Let p G X he arbitrary and let p. = (3 p. To prove the Theorem 
3.10 it suffices to show that 

P*{{iOz)^) = iio^)p (3.35) 

By transitivity there exists {k, s) £ K x M+ such that ik,sP = o. But then mk,sl-i' = e 
by the commutativity equation (3.31) and in fact 

- {ek,sn{f3on{{mk,s)-'ncoz),)) 

But (mfc,,)-i)*(c^z)M = s-^{u;z)e by (3.33). But (/3o)* (s^i (cjz)e) - s"\uj~)a by 
Theorem 3.9. Finally (4,s)*(s"^(w3^)o) = (w^)p by (3.32). This proves (3.35). QED 

3.3. We wish to characterize the varieties Z and X in more general terms. Recall 
(E. Cartan's theory) that the non-compact symmetric space G/K is one of two types 
(1) non-Hermitian symmetric or (2) Hermitian symmetric. In the non-Hermitian 
case pc is ifc-irreduciblc and tc is scmisimplc. In the Hermitian case Cent tc is 
1-dimensional and if / is a set indexing the A'c-irreducible submodules V\ i e /, of 
pc then 7 is a two element set and 

Pc = Y^V' (3.36) 
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Also if i e / there exists a linear isomorphism 5i : Cent tc — * C such that 



y = {m G pc I adx{u) = Si{x) u Va; e Centre} 



(3.37) 



In addition one has 



(3.38) 



where {i, i'} = I. 

In case (1) wc will say that Q is of non-Hermitian type and in case (2) we will say 
that is of Hermitian type, 

Recall 0^ = Centn and we have put d = diruQ^. See §2.3 and §2.4. 

Proposition 3.11. If d > 1 then M is transitive on the unit sphere S (relative 
to H) in g^. Furthermore g is of Hermitian type if and only if (a) d = 1 and (b) M 
operates trivially on g^. 

Proof. The transitivity statement actually is stated in Theorem 2.1.7 and the 

Remark which follows that theorem in [K-2] . However one need not use that reference. 
We have already established what is needed to prove transitivity on S in the present 
paper. Indeed by (2.43) and (2.44) one has that [m, e] spans the H orthocomplement 
of Me in 0^. This implies AdM{e) is open in S. On the other it hand is also closed 
since M is compact. Thus AdM{e) = S if d> 1 since S is connected if > 1. 
In any case one has 



by the Iwasawa decomposition G = KAN. But AdG{e) and hence also AdK{e) 
spans by the simplicity of 0. But if g is of Hermitian type then certainly Cent k 
and if 7^ a; G Centk the function f{k) = {Adk {e),x) on K is constant, real and 
non-zero. But then — e ^ Ad Me. Hence d = 1 and M operates trivially on g^ by 
the transitivity statement. Conversely if d = 1 and M operates trivially on 0^ then 
the line C e is stable under the complex parabolic subalgebra (m + a + n)c. But then 
e generates a complex irreducible ad gc-modiiie, necessarily containing 0, and hence 
equal to 0c. Thus 0c is simple and e is the extremal weight vector corresponding 
to (m + a + n)c. But then 0c is a spherical ad0c-module by the Cartan-Helgason 
theorem. Any non-zero spherical vector must clearly lie in (e-g-> by (3.37), (3.38) 
and the simplicity of gc)- But then Centkc 7^ 0. Thus is of Hermitian type. QED 

Remark 3.12. Note that as a consequence of Proposition 3.11 one has the 

statement 




(3.39) 



— e ^ AdM{e) <^=^ is of Hermitian type 



(3.40) 
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But one also has the statement 

— e ^ AdG{e) <^=> q is of Hermitian type (3-41) 

Indeed if g is of non-Hermitian type then — e 6 AdM(e) by (3.40) and hence of course 
— e e AdG{e). If g is of Hermitian type let 7^ a; e Centk. If — e e ^d(j(e) then 
the function / in the proof of Proposition 3.11 must change signs by (3.39) and hence 
cannot be constant. This proves (3.41). 

Let Proj{Q*) be the real projective space defined by q* and let P : q* — {0} — >■ 
Proj{Q*) be the projectivization map. Let C = ^~^{Centn) so that e e C C q* (see 
Proposition 2.5 and (3.1)). 

Theorem 3.13. There exists a unique closed G-orhit Z in Proj{Q*) so that ifY 
is any G-orhit in Proj{g*) then Z is contained in the closure ofY. In particular 

dim Y>dimZ (3.42) 

and equality occurs in (3.41) if and only ifY = Z. 

Furthermore if Z' C q* is any non-zero G-coadjoint orbit then Z' C P~^{Z) if 
and only if Z' is of the form CoadG (e') for e' £ C — {0}. In fact, using the notation 
of Theorem 3.10 one has 

Z = P-^(Z) (3.43) 

in case q is of non-Hermitian type. In particular Z = —Z in the non-Hermitian case. 
If Q is of Hermitian type let J he an index set parameterizing all G-coadjoint orbits, 
Z^ , j G J, in P~^{Z). Then J is a 2-element set and one has 

{Z,-Z}^{Z^}, J eJ (3.44) 

so that Z ^ —Z in the Hermitian case. In either case one has 

dimY>dimZ (3.45) 

for any non-zero coadjoint G-orhit Y. 

Proof. Let X E g. Then the span gi of Adg{x) over all g G G is a non-zero 
ideal in g and hence gi ~ g. Thus there exists g & G such that the component, x' , of 
Adg{x) in g^ with respect to the decomposition 

g = m + a+ y^fly, 
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is not zero. But then, by Proposition 2.7, one has 

hm P{Ad{exptx^){x)) = P{x') (3.46) 
t — ^+00 

where we also let P denote the projection map of g onto Proj{Q). On the other 
hand if x" G - {0} then P{AdG{x")) = P{AdG{x')) by Proposition 3.11. 
But P{AdG {x")) is compact since P{x") is fixed by the action of AN and hence 
P{AdG{x")) = K ■ P{x"). But p-^{P{AdGix")) is a single AdG-oihit by Propo- 
sition 3.11 and (3.40) in case g is of non-Hermitian type. On the other hand it 
decomposes into a union of 2 distinct AdG orbits, one the negative of the other, by 
Proposition 3.11 and (3.41), in case Q is of Hermitian type. Since 7 : g* — > g is a 
G-equivalence the statements above clearly carry over to g*. QED 

Remark 3.14. Because g is simple and Z is a G-coadjoint orbit there exists a Lie 
algebra injective homomorphism g C°°{Z) (of course with respect to the Poisson 
algebra structure on C°°{Z)). But then the symplectic isomorphism (3.30) implies 
that there exists a Lie algebra injective homomorphism 

g^C°°(x) 

By the coadjoint orbit covering theorem and (3.45) note that dimX is the smallest 
possible dimension of a symplectic manifold W which admits an embedding of g as a 
Lie algebra of functions on W under Poisson bracket. This points to an interesting 
difference between (X,oj) and the induced symplectic manifold {X,ijj~) in that one 
cannot have a non-trivial Lie algebra homomorphism 

g^C°°(X) 

since 

dimX = dimZ-2 (3.47) 

by (1.18). 

If F is a complex finite-dimensional irreducible K (and hence Kc module) let 

X{V) C t* be the integral ii'-coadjoint orbit associated to V by the Borel-Weil the- 
orem. Thus if u G y is an extremal weight vector there exists a Cartan subalgcbra l)c 
of 6c ) which is the complexification of a Cartan subalgebra of 6, such that v is an ()c- 
weight vector for an extremal f)c-weight A. We may regard A G 6^ where A| [[)c, 6c] = 0. 
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Then v = A/2 ttz is real on t and XiV) is the coadjoint orbit of u. It is straightforward 

to show that XiV) is independent of the choice of f)c- 

The embedding t ^ q induces, by transpose, a surjection 

Ms.t : 0* ^ r (3.48) 

Remark 3.15. Note that if F is a G-coadjoint orbit then the restriction /ig,{|y^ 
is the moment map for the action of K on {Y,ijJy) where lvy is the KKS-symplectic 
form on Y. Indeed this follows immediately from (2.4) where G replaces K and Y 
replaces X. 

Theorem 3.16. We use the notation of Theorem 3.10. One has 

/ig,{(Z)=R+X (3.49) 

Moreover if q is of non-Hermitian type then X = X{pc). Also X = —X in the non- 
Hermitian case. If q is of Hermitian type let X^ = X{V^) for i £ I (see (3.37)). Then 
X^-X and 

{X, -X} = {X'}, i e I (3.50) 

Furthermore (recalling (3.44)) there exists a unique bijection a : I ^ J such that for 
i G /, 

/iB,t(Z"W) =M+X* (3.51) 

If X — X^ then Z — Z"*^*'. Finally, adding to the symplectic isomorphism (3.30), for 
any i G I, there exists a symplectic K -diffeomorphism 

A:(X',a;~)^(Z"W,u;2„«) (3.52) 

where ojzan) is the KKS form on the G-coadjoint orbit Z'^^^h 

Proof. Let p : q ^ t he the projection corresponding to the Cartan decomposi- 
tion = J + p. Obviously 

p o 7 = 7 o (3.53) 

on 0*. Recall (see §2.5) that O is the G-adjoint orbit of e. But O = AdK R+e 
by (2.56). Thus / € O if and only if there exists t € M+ and k £ K such that 
/ = tAdk{e/-K). But clearly p(e/7r) = (e + 6'e)/(2 7r). That is p(e/7r) = h/{2'Ki) by 
(2.39). Thus p{f) = tAdk{h/{2'Ki)). Applying 7"^ to both sides one has 

fisAl^Hf)) =tCoad k{j-^ ih)/{2 7Ti)) 
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by (3.53). But O = j{Z) (see §3.1) so that if p = 7"^(/) then p G Z a.nd the 
most general clement in Z is of this form. Furthermore 7"^ (h) = A (see (2.49)) and 
I' = X/{2ni) (see §2.5). Thus n^.kip) = tCoadk{v)). Since k e K and t € R+ are 
arbitrary and X is the iC-coadjoint orbit of v this proves (3.49). 

Now since B\pc is non-singular it follows that pc as a ii'-module is self-contragedient. 
In particular 

H'ls a weight of pc — M is a weight of pc (3.54) 

Recall the choice of X in §2.5. By definition 

X = X{Vx) (3.55) 

where Va is the ii'-irreducible submodule of pc defined in §2.5 with extremal weight 

vector V (see (2.48)). Assume g is of non-Hermitian type. Then pc is ii'-irreducible 
so that Vx=pc- This proves X ^ X{pc). But then X = -X by (3.54). 

Now assume that g is of Hermitian type. Then Vx = for some i ^ I. But 
ulCentk = Si\Centt for any weight /x of Vx by (3.37). Thus X ^ —X and one easily 
has (3.50) by (3.54). But (3.49) implies fJ.g,ti-X) = R+{-Z). But then (3.51) follows 
from (3.44) and (3.49). 

The choice of e e was arbitrary (see §2.3) subject only to the condition that 
{e, e} = 1. We can therefore replace e by —e. In that case h would be replaced 
hy —h and A by —A. Consequently X is replaced hy —X and Z by —Z. Thus the 
argument which leads to the symplectic JT-isomorphism (3.30) yields a symplectic 
Jf-diffeomorphism {-Z,uj_z). This implies (3.52). QED 

3.4. Even though g is simple the complexification qc may not be simple. Indeed 
this is the case if g itself were complex but its complex structure is ignored. We will 
say that g is Omm-split if gc is a simple complex Lie algebra and e € Omin where 
Omin is the minimal nilpotent orbit in gc. Note that by the transitivity statement in 
Proposition 3.11 and Theorem 3.13 the definition of OTOm-split depends only on g and 
is, in particular, independent of the choice of e. If g is Omin-spiit then 

dimZ = 2h'^ -2 (3.56) 

where ft,^ is the dual Coxeter number of gc- This is clear since one knows diTOcOmin = 
2h^ — 2. But by the irreducibility of the adjoint representation of gc one has Omin = 
AdQc{e). However O = AdQ{e) (see §2.5). But then (3.56) follows by computing the 
dimension of the respective tangent spaces at e. See §3.1 for the definition of Z. 
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Theorem 3.17. The simple Lie algebra g is Omin-- 



■split if and only if 



dim Cent n = 1 



(3.57) 



Proof. If dim Cent n = 1 then Ce is stabilized, under the adjoint represention, 
by the complex parabolic subalgebra (m + o + n)c- But then e generates an irreducible 
flc-module under the adjoint representation of gc- But this module contains g by 
the simplicity of g. Hence the module equals gc so that gc is simple. Furthermore 
e G Omin since e is an extremal weight vector of this module. Thus g is Omin-spMt. 
Conversely assume that g is Omin-spht. Then (see §2.3) is conjugate to the TDS 
of a highest root vector in gc by Corollary 3.6 in [K-3]. Since the root in question is 
long the multiplicity of the eigenvalue 2 of adx.^ is 1. Thus = 1 by Proposition 2.7. 
That is, dimCentn = 1. See §2.4. QED 

Examples. 3.18. By Theorem 3.17 g is Omm-split if (a) g is split (so that all 
restricted root spaces are 1-dimensional), (b) gc is simple and g is a quasi-split form 
of 0c (since nc is a maximal nilpotent Lie algebra of gc)) (c) g is of hermitian type 
(by Proposition 3.11). 

Note that if g is Omi^-split then 



by (3.47) and (3.56). In general X = K/K^ can be given the structure of a partial 
complex flag manifold (see (2.16)). If g is Omin-spUt much more can be said. 

Proposition 3.19. If g is Omin-split (e.g., if g is split) then X is not only a 
K -symmetric space but in fact X is a Hermitian symmetric space. 

Proof. Recall the notation of §2.4. If g is Omin-split then by Theorem 3.17 the 
number dt in Theorem 2.11 is 0. Thus, since and h are conjugate, the eigenvalues of 
adh\ic are in the set {1, 0, —1}. Since (ty)c is the ad/i|tc-eigenspace for the eigenvalue 
the result is immediate. QED 

Remark 3.20. Assume that g is Om,;,i-split and g is of non-Hermitian type so 
that tc is semisimplc. Lot K' be a non-compact real form of Kc having K^, as a 
maximal compact subgroup so that K' /K^, = X' is the non-compact symmetric dual 
to the compact symmetric space X. But now X = —X by Theorem 3.16 so that h and 



dimX = 2/1^-4 



(3.58) 
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—h are -ft'-conjugate. One readily shows that this implies that h lies in a TDS of tc so 

that not only is X' a complex bounded domain but in fact X' is a tube domain. See 
[K-W]. In particular by the Kantor-Kocchcr-Tits theory X' corresponds to a formally 
real Jordan algebra J{X). See §5 in [K-S] for a classification of the simple formally 
real Jordan algebras and the corresponding tube domains. One then has 

dimX = 2dimJ{X) (3.59) 

If is a split form of any one of 5 exceptional simple Lie algebras, g is non- 
Hermitian so that Remark 3.20 applies to q. But a minimal (dimensional) symplectic 
realization of Q as functions on a symplectic manifold is achieved when the manifold is 
the induced symplectic X of a coadjoint orbit of a compact Lie group K. See Remark 
3.14. The group K turns out to be classical in all 5 cases so that the exceptional Lie 
algebras g emerge symplectically from the symplectic induction of a classical coadjoint 
orbit. The table below contains the relevant information. The cases of Eq, and 
Es are taken from [B-K]. To avoid complicated notation the compact groups listed 
below are correct only up to finite coverings. The symbol H{n)/F denotes the Jordan 
algebra of n x n Hermitian matrices over the field F. The compact form of Sp{2n, C) 
will be denoted simply by Sp{2n). 



Qc type 


K 


X 


dimX 


J{X) 


G2 


SU{2) X SU{2) 


Pi(C) X Pi(C) 


4 


R® R 


Fi 


SU{2) X SpiQ) 


Pi(C) X {Sp{6)/U{3)) 


14 ] 


R© (F(3)/R) 


Eq 


Sp{8) 


Sp{8)/U{4) 


20 


i7(4)/M 


Er 


SU{8) 


5'C/(8)/(5'[/(4) X 5'[/(4) x C/(l)) 


32 


H{4)/C 


Es 


Spin{16) 


Spin{16)/U{8) 


56 


H{4)/m 
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